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Abstract 
An infinite word x over the alphabet d is Sturmian if and only if gx(n) = n + 1 for any 
integer n, where gx(n) is the number of distinct words of length n occurring in X. A palindrome 
is a word that can be read indistinctly from left to right or from right to left. We prove that x 
is Sturmian if and only if h,(n) = 1 + (nmod2) for any integer II, where hx(n) is the number of 
palindromes of length II occurring in X. An infinite word x over the alphabet d is generated by 
a morphism f if there exists a letter c E d such that lim,,, f”(c) = X. We prove the existence 
of a morphism that generates the palindromes of any infinite Sturmian word generated by a 
morphism. @ 1999 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
Since the beginning of the century, combinatorics on words are of an increasing 
importance in various fields of science like computer science, mathematics, biology, 
physics or crystallography. In this domain the combinatorial properties of infinite words 
and the devices to generate these words both are studied [ 10,3 11. Infinite words can 
be classified in terms of complexity related to the number of factors of given lengths 
occurring in an infinite word, and many classes have already been characterized, see 
the survey of Allouche [ 11. 
Among these the class Sturm of Sturmian words is the set of infinite binary words 
which are of minimal complexity and not ultimately periodic. More specifically, if we 
set gx : N + N the subword complexity of an infinite word x, then x is Sturmian if 
and only if for each integer n, 
g,(n)=n+ 1. 
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Sturmian words were introduced in the 1930s by Morse and Hedlund [ 17, 181, and 
they have similar links with some older mathematical structures [22,30]. They have 
been widely studied since this time [8, 16,23,27,28] and some remarkable results have 
been proved recently [2,3, 12, 13, 19,20,29]. 
Palindromes are words that can be read indistinctly from left to right or from right 
to left. They are relevant tools in the study of finite factors of Sturmian words and 
they have been the subject of many works [6,7, 11, 141. In this paper we give a new 
characterization of Sturmian words related to their number of palindromes of each 
length, by proving that an infinite word x is Sturmian if and only if for any integer n, 
h,(n) = 
{ 
1 if n is even, 
2 otherwise, 
where h,(n) is the number of different palindromes of length 12 occurring in X. Note 
that these two characterizations related to gX and h, are not constructive. 
In a second step we look for a way to generate these palindromes. There exists many 
methods to generate Sturmian words such as, for instance, the geometrical process that 
labels with a letter a (respectively h) the horizontal (resp. vertical) intersections of a 
semi-line of irrational slope in a squared lattice, also called the billiard sequence. Thus 
we obtain an infinite Sturmian word x when, starting from the origin, we read the labels 
in their order of appearance on the semi-line, and the set of factors occurring x only 
depends on the slope of the semi-line. Another one, more combinatorial, is the well- 
known Rauzy method [27] that constructs the set Stand of injinite Standard words. 
Let us define the set &! of Standard pairs as the minimal set of pairs in JZZ* x d* 
which contains (a, b) and is closed under the property 
(U,ZI)E92 =+ 
(u, uv) E 92 LR, 
(vu,v)~c% RR. 
The set of unordered Standard pairs is Y = {{u, v} 1 (u, u) E 92 V (v, u) E St}. Then we 
can define the set Stand of jinite Standard words as 
Stand = (u yEy {u, 01. 
1 1 
Now let (un, ~,,),,a0 be a sequence such that (ua,vg) = (a, b), and for all n>O, 
(u,+I, v,,+l) is obtained from (u,, 0,) by one of the above two rules, LR or RR. If 
these two rules are used infinitely often, the derived sequences (u,),>o and (~~)~~a 
both converge to a same infinite word 
x= lim u, = lim v,. 
n-CC n-+oo 
We then call Stand the class of such words, namely injinite Standard Sturmian 
words, a subset of Sturm. Sturmian morphisms are also relevant tools to generate 
infinite Sturmian words and they have been widely studied [4,9,28,29]. A morphism 
f is Sturmian if it preserves infinite Sturmian words, i.e. 
x E Sturm * f(x) E Sturm. 
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In this paper we recall in the usual setting of combinatorics on words [21], various 
definitions and their duals from the point of view of monoid morphisms (Section 2). 
Then we prove in Section 3 that an infinite word x is Sturmian if and only if x has one 
palindrome (resp. two palindromes) of length II if iz is even (resp. odd). In a second 
step we study Sturmian morphisms in order to prove that for any infinite Sturmian 
word x generated by such a morphism, there exists a morphism that generates all the 
palindromes of X. 
2. Preliminaries 
In the following, d = {a, b} is a 24etter alphabet, the free monoid generated by d 
denoted by &‘* represents words over d, and .df = L&‘*\(E) where E is the empty 
word. The set A” of infinite words contains all the mappings x : N+ --f d, where 
N+ = N\(O) and we denote 
X=x1X2x3 . ..Xj . . . . 
where xi = x(i) for all i E N,. We set &m = d” U a?*, afph(w) is the set of letters 
occurring in a word w E d”. If c is a letter and w a word, then ]w/, is the number 
of c’s occurring in w. The length Iwj of w is the number of letters occurring in w 
(l&l = 0). 
For any word w E d”O, u is a factor of w if w =xuy where x E d*, y E d” (with 
y # E if w is infinite), and u is a prefix (resp. sujix) of w if x = E (resp. y = E). Note 
that any suffix of an infinite word is always infinite but a factor is always finite. The 
set of factors of length n of a word x E do” is called F,(x) and 
F(x)= u F,(r). 
II20 
A morphism f : d* --) d* is a mapping that satisfies f (uu) = f (u)f (u) for all 
U, u E &*. If f(c) = cw for some letter c E d and some w E &‘+, then f is said to be 
extensible on c. Hence if {f”(c), n>,O} is infinite, f generates an infinite word 
x= limmfn(c)= f”(c). 
An infinite word x is generated by a morphism if x= fW(c) for some letter c and 
some morphism f. 
The exchange mapping F is the automorphism of LXZ* which interchanges the letter a 
with b and we denote G = E(W) for any word w (for example L&%I = &(ab3a7)= ba3b7). 
Moreover the exchange morphism f of a morphism f is naturally defined as $ = E o f 
(i.e. f(w) = ?G) for all w E &*). 
The mirror image (-) is recursively defined on d” as Z = E, E = CCJ for any word 
w and any letter c. Moreover the mirror morphism f” of f is defined on d* as - 
f(c) = f (c) for any letter c. 
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A palindrome is a word w such that C = w and we call Pal the set of palindromes. 
Moreover P is a palindromic extension of Q E Pal if P = wQG for some word w, and 
conversely Q is a palindromic restriction of P. For any x E JP, Pal,(x) is the set 
of palindromes of length n occurring in x, and 
Pal(x)= U Pal,(x). 
II30 
We set y the conjugation mapping defined as y(cu) = UC for any letter c and any word 
u and T(w) = {y”(w), O<n< lwl} is the conjugation class of the word w. Similarly we 
define the conjugation class T(u, v) of a pair (u, u) as the set of pairs (x, y) such that 
xy E T(uu), and 1x1 = Iu/ (obviously lyI = 101). Th us we can set J’(f) the conjugation 
class of a morphism f, that contains all the morphisms g such that (g(a), g(b)) and 
(f(a), f (b)) are conjugates. A word w is primitive if it is not a proper power of 
another word or, put another way, if T(w) has exactly IwI elements. 
The enumeration function or subword complexity gx : N + N of an infinite word x 
is a numerical mapping such that for any integer n, 
gJn) = Card(F,(x)). 
An infinite word x is ultimately periodic if x = u(u)(” for some finite words u, v 
(u# E) whose period is u if (u] is minimal, and x is periodic if u = E. We recall [8] 
that an infinite word x is ultimately periodic if and only if there exists an integer n 
such that 
Sturmian infinite words are defined as not ultimately periodic words with minimal 
complexity and Sturm is the set of infinite Sturmian words. 
Definition 1. An infinite word x is Sturmian if for any integer n, 
gx(n)=n + 1. 
A factor w of x is special if wa and wb are both factors of x. If w EF(x) is not 
special, w has a unique right extension in x, i.e. there exists a unique letter c such that 
WC E F(x). The following theorem is an obvious consequence of the above definition. 
Theorem 2. An inJinite word x is Sturmian if and only if Ype(x) is satisf;ed, where 
Ype(x) is 
Vi2 E N+, 3!w E F,_*(x), wa, wb E F,(x). 
Sturmian infinite words have many other properties and we recall here some classical 
results (see [8,27]). An infinite word x E &w is balanced, and we set @al(x), if 
YnE N, (u,21EF,(x)AcE2J) * IIu(, - IvlC/<l. 
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Theorem 3. An infinite word x E {a, b}W is Sturmian if and only if the two following 
conditions are satisjied: 
l gal(x) is satisjied. 
a x is not ultimately periodic. 
An infinite word x is recurrent and we set Wet(x) if any factor ofx occurs infinitely 
in x. Moreover an infinite word x has the property %?ev(x) if the mirror image of any 
factor of x is a factor of x. 
Theorem 4. Any injinite Sturmian word x satisjes the two properties &?ec(x) and 
9ev(x). 
3. Sturmian words and palindrome complexity 
In this section we give (Theorem 5) a new characterization of infinite Sturmian words 
that deals with the number of palindromes occurring in an infinite word. Therefore 
we set h, : N 4 N the palindrome complexity of an infinite word x defined for any 
integer n, as 
h,(n) = Card(PaZ,(x)). 
Theorem 5. Let x be an injinite word, then 
x E Sturm H V’n E N, h,(n)= 
1 if n is even, 
2 otherwise. 
To simplify the notations, we set 9&(x) if the infinite word x satisfies the palin- 
dromic property of the above theorem. In fact this result is an obvious consequence 
of the two subsequent Propositions 6 and 7, since the first one proves that the condi- 
tion 9&l(x) is necessary, and the other one proves, among other things, that for any 
x E SF”, 9&~(x) implies Ype(x) and thus x is Sturmian. 
Proposition 6. Zf x is an injinite Sturmian word, then 9&l(x) is satisfied. 
Proof. Clearly Pall(x) = {a,b} and PaZz(x)= {uu} or {bb} so that the proposition 
holds for n = 1 and n = 2. 
Let n > 1 and 8, be the mapping from Pal,+z(x) into Pal,(x) given by O,(U) = V 
if U=cVc for some letter c. We shall show that 0, is a bijection from P&,+2(x) 
onto Pal,(x) and this will prove the proposition since h,(n) = h,( 1) = 2 for n odd and 
h,(n) = h,(2) = 1 for n even. 
The mapping Q,, is injective because e,(U) = e,,(V) with U # U’ would imply 
{U, U’} = {af’u, bVb} f or some V E Pal,(x) and this is impossible by B&(x). 
Now let us prove 8, is surjective, that is if V E Pal,(x) then there exists a letter c 
such that the palindrome CVC belongs to the subset Pal,+~(x) of F(x). Let V E Pal,(x), 
then by .&k(x), one has CV EF(x) for some letter c. If cVt EF(x) then Bev(x) 
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Fig. 1. 
implies that ~VC = c% also belongs to F(x) and V is a special factor of x. By Y&x), 
if s, denotes the unique special factor of length n then p > n obviously implies that s, 
is a suffix of sP. So there exists a letter d E {a, b} such that d V is special, consequently 
d Vd E F(x) and this ends the proof. 0 
According to the geometrical representation of Sturmian words recalled in the in- 
troduction, we may associate to a Sturmian word x represented on the semi-line D, 
three lines D,, Db, and D,, of slopes equals to the one of D. And the symmetries 
of these lines relative to the horizontal and vertical lines of the squared-lattice allow 
to represent Pal(x). More specifically, the palindromes of even length are the palin- 
dromic extensions of aa on D,,, and the palindromes of odd length are the palindromic 
extensions of a and b, respectively, on D, and & (Fig. 1). 
As the next proof is by induction, we set for any integer n 3 1 the derived formulae 
of Bal(x), Ype(x), and &?ev(x) as follows: 
. 9&l,(x): Vu, VEF,(X), CE& =+ Ilzlc - lvl,l,<l. 
0 Ype,(x): 3!w E F,_,(x), wa, wb E&(x). 
0 Beu,(x): VW E F,(x), ii, E F,(x). 
Proposition 7. If x is an infinite word such that 3+&x) is satisjied, then for any 
integer n 2 1, Ype,(x), Bul,(x), and Bev,(x) are satisfied. 
Proof. For n = 1, h,( 1) = 2 implies aZph(x) = {a,b} and the result is obvious since E 
is the unique special factor of length 0. Assuming the result to be true for an integer 
n> 1, we may prove successively gal,+,(x), 9’pe,+l(x) and gev,+i(x) is satisfied. 
99al,,+l (x): If Bat,,+, (x) is false, then let u and v be the two words of minimal length 
with 11~1~ - IvJ,la2. Then there exists (see [S]) a palindrome P and a letter c such that 
u = CPC, v = ZP?, and therefore 9&(x) implies that n+ 1 is odd. So Pul,_i(x) = {P, Q} 
and there exists a letter d such that Qd occurs in x. As Qd is of length n, the property 
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9?eu,(x) involves that & = dQ, which occurs in x. Moreover P is the unique right 
special factor of length n - 1 and thus Qd* is not a factor of x. Then dQ can be 
extended in a unique way, namely dQd, and there are three palindromes of length 
n + 1 in x (contradiction to 3+&x)). 
Ype,+t(x): The denial means that either at least two special factors, say U, u, are 
in F,(x) so if p is the longest common suffix of u and 0, then u = u’c/I, v = v’E/?, and 
thus c@, t/E E F,(x), for m dn + 1 (contradiction to 9?;aZ,(x)), or no special factor 
occurs in F,(x) and thus x==uv” is ultimately periodic of period u with Iul =r <n: 
_ If Y is even, we set {P} = Pal +l+r(~) and P,. denotes the palindromic restriction 
of length Y of P. Then P, = Gw for some word w, and Gw belongs to T(v). But 
wG E T(u) is also a palindrome of length r and as P is the unique palindrome in 
F,(x), one has w = it, which contradicts the minimality of v. 
_ If Y is odd, we set (P, Q} = Pal ZJ~I+~(X). We call P,. and Qr respectively, the palin- 
dromic restrictions of length r of P and Q: P,., Qr are in T(v). As only one 
right extension is possible for any word w E F(P) of length greater or equal to 
Y, P, = Qr would imply P = Q, so P, # Q,. and there exists two nonempty words a, 
p with P, = xp and Qr = /Lx. Since r odd involves /zl # 1 PI, we may assume that 
0 < Ia\ < IpI. Then P,. = x/l = cull with A and Ecx both palindromes. Thus A& = Q,. = 
~=&A, so Qr, and consequently u is not primitive, contradiction to the minimality 
of IVI. 
9ev,+l(x): by Ype,+l(x), there is a unique special factor in F,(x) for 0 <rn dn, 
and one has gX(n + 1) = n + 2, and 
n 
Card(F,+l(x)\Pal,+l(x)) = 
if n is even, 
n+l otherwise, 
is always even. By removing from F,+l(x)\Pal,+l(x) all 
an even number of words with no mirror image in F,+t(x). 
the pairs {w, I%}, we obtain 
So if &!ev,+l(x) is false, let 
WI # w2 be two factors of x with I?,, $2 #F,+,(x). Then n3 1 implies that wl = COLC’ 
and w2 = d/Id’ where c, c’, d, and d’ are any letters. By %eu,,(x) the words EC, ~‘5, fid, 
and d’p belong to F,(x). Since Gt and I& are not factors of x, we can assert that 
w3 = c’!Z and w4 = d’@ are both in F,+l(x). 
So 6 and b are both special of same length 12 - 1, and sPpe,(x) implies 4 = ii. As 
WI # ~2, either c = 2, c’ = d’ and w4 = c’& = Gt contradicts 61 @F(x), or according 
to the following table, we may exhibit in each case two factors of x in {WI, ~2, ~3, ~4) 
that contradict Bal,+l(x) (Table 1). 
Table 1 
laal,+l (x) c = cr c zz c^’ 
c=d 
c’ = 2’ 
w, = czc w* =czc 
^_^ >_^ 
w&j = C?C wj = CLTC 
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4. Sturmian morphisms and palindromes 
We first recall definitions and recent results on Sturmian and Standard morphisms 
which will be useful to state the main result of this section, i.e. to generate the palin- 
dromes of related lengths of an infinite Sturmian word generated by a morphism. 
Before starting we remind the well-known Fibonacci word f [ 11,25,26,28], which 
is Sturmian and is generated by the Fibonacci morphism C#I (&a) = ab, 4(b) = a): 
#“(a) = f = abaababaabaababaababa . . . 
Definition 8. A morphism f : d* + a!* is Sturmian if 
x E Sturm * f(x) E Sturm. 
For instance the exchange mapping E and the Fibonacci morphism 4 are both 
Sturmian morphisms. Mignosi and Seebold [24] proved a remarkable property con- 
cerning the set &s,,,,,, of Sturmian morphisms, also called the monoid of Sturm. 
Theorem 9 (Mignosi and S&bold [24]). 
J&? sturm = {s,4, i>*. 
We call E, 4, and 6 the elementary Sturmian morphisms. Now let us give a definition 
for Standard morphisms, similar to Sturmian morphisms. 
Definition 10. A morphism f : a!* + d* is Standard if 
x E Stand + f(x) E Stand. 
The set &stand of Standard morphisms is proved by de Luca [12], to have a char- 
acterization similar to JZsrurm. 
Theorem 11 (de Luca [12]). 
Jf&fand = { &, 6) * . 
Moreover Berstel and St&bold proved in [S] that a morphism f belongs to {E, 4}* if 
and only if the unordered pair {f(a), f (b)} is Standard, which involves the following 
result. 
Theorem 12. 
f E -'f&and @ {f(a), f (b)) E 9’. 
Thus if we assume that f is a Standard morphism, then the word f (ab) is Standard 
and f (ab) is primitive (see [14]). So the conjugation class r(f) contains exactly 
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nab = If(ub)I conjugates, namely fi where f;:(ab) = y’(f(ab)) and Ih( = If(a)] for 
any positive integer i <nab - 1. If i # &b - 1, the morphism fi is called a good conjugate 
of the Standard morphism f, and we set r-t(f) as the class of good conjugates of f. 
These good conjugation classes are used in [29] to give a new characterization of 
JZ Sturm~ 
Theorem 13 (S&bold [29]). 
A? sturm = {&,zdA”) u U r-~(f). 
f EJKvund 
Moreover, two Sturmian words s and s’ generated by two Sturmian morphisms of 
a same class satisfy F(s) = F(s’). 
Now we are ready to prove a new result which states that the palindromes of an 
infinite Sturmian word generated by a morphism may be generated by a morphism. 
Theorem 14. If n is an infinite Sturmian word generated by a Sturmian morphism 
f, then there exists a morphism 71 such that 
. z(a), z(b) E Pal(x), 
l (rc”(a>),~o and (r?(b)),>0 generate all the palindromes of odd length of x, 
l either (rc”(a2)),bo r (rc”(b2)),,>o generate all the palindromes of even length of x. 
The proof of this result needs some preliminaries. 
Lemma 15. Let {u, v} be an unordered Standard pair, then there exists a letter c 
such that either {u, v} = {c”cI, c} with an integer n > 1, or 
{u, u} = {Pcc^, Qtc}, 
with P, Q, palindromes that satisfy P&Q = Q&P (i.e. E Pal). 
Proof. Remark that to any unordered pair {u, v} corresponds a unique sequence of 
unordered pairs {Ui, vi}O<i<n with (~0, VO} = {a, b}, {u,, v,} = {u, V} and such that for 
any integer i where O<i<n - 1, the pair {Ui+t,vi+t} is either {UiUi,ui} or {niui,vi}. 
If u, or v, is a letter c, then inductively {Ui, Vi} = {c’c^, c} for any integer i where 
0 < i d n, and {u, u} takes the first form. 
Now if Iu,I > 1 and Iv, j > 1, there exists an integer k E (2,. . . , n} such that uk and 
nk are both not single letters whereas U&t or U&l is a letter and thus, 
{uk_r,vk_,} = {ck-‘C^,c} and {uk,vk} = {ck-‘%,ck-‘?}. 
If we set Pk = ck-’ and Qk = ckP2, then P.&Y& = ck-‘C^ck-’ is also a palindrome, and 
the pair {@, uk} satisfies the conditions. Otherwise the following step of induction on 
{Ui,vi}k<i<n ends the proof. 
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Step of induction: Assume that for a pair {u, v}, there exists two palindromes P, Q, 
and a letter c such that {u, v} = {PC& Q&c) where P&Q = Q&P. Then the two derived 
pairs {uv, U} and {vu, v} of {u, v} are 
{Q&P& Q&c) and {Pcc^Q~c, Pc~}. 
These two derived forms satisfy the conditions since 
Q&Pcc^Q = Q&Qc^cP and P&Q&P = P&Pcc^Q 
are clearly palindromes. Cl 
Proposition 16. Ij” f is a Standard morphism such that f(a) and f(b) are both of 
odd length, then there exists h in r-~(f) such that 
Ma), J;(b)) E Pal’. 
Moreover, the two letters which are respectively the two palindromic restrictions of 
length 1 of h(a) and h(b) are dierent. 
Proof. The pair {f(a), f (b)} is Standard by Theorem 12, so if f (a) or f(b) is a letter 
c, Lemma 15 involves that {f(a), f(b)} = { c”c^,c} and since u, and v, are both of odd 
length, n is even (n =2n’). The two cases f(a) = c and f(b) = c being quite similar, 
we only study f(a) = c. Thus y”‘( f (ab)) = cc”‘L?” and the good conjugate fn, of f 
satisfies 
(fat(a), fnt(b)) = (c,cn’2cn’) E PaZ2. 
Assume that 1 f (a)1 > If(b)/ > 1, and let {ui, vi}oGidn be the corresponding sequence of 
{f(a),f(b)} such that {u~,vg}={a,b}, {un,vn}={f(a),f(b)}, and for all O<i<n- 
1, {Ui+t,Ui+t} is either {Uiui,ui} or {Ui,uiUi}, Assume that un = f(a), then there exists 
a minimal k E N+ such that U, = u;-” vk. The two cases being similar, we assume 
(uk( > (vk/ and 
fd, = (t.dk__lvk_$-k uk-1, uk =uk-luk-1, 
and 
an =uk--Iok-1, vk = uk-1. 
Case {uk-_l, vk-1) fI d # 0: Either #k-t or uk-_l is a letter. The two cases being quite 
similar, we assume that Ok-1 =c is a letter. Then Uk-t =ckelC (see Lemma 15) and 
u, = (ck-l&C)“-kck-lC”, v, = ck-‘&. 
Thus since un and v, are both of odd length, k = 2k’ is even, n =2n’ + 1 is odd, and 
setting p=(n’+l -k’)(k+l)+(k’- l), we have 
yP( f (ab)) = Ck’qCkqn’-k’Ck-l (~Ck)“‘-k’&c~‘, 
and the conjugate f, satisfies 
(fp(ah fp@)) = (ck’tCc c> -k * n’ k’Ck--l(~Cky‘-k’~ck’,Ck’~Ck’) E pa12. 
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Case {uk-_I,v~-1) nd =0: Lemma 15 involves that uk-_l = PC;, ok-1 = QCc with 
P, Q, and R = P&Q all palindromes, whereas c is a letter. If we set QC = cc^Q&, then 
u, = (PQc)“-kP~C^ and v, = PQc. 
But either P or Q is of odd length and the two cases being quite similar, we assume 
that P = WIZ is of even length. It involves that n -k = 2n’ + 1 since u, and v, are both 
of odd length. Then setting p = (n’ + 1 )lPQc 1 + jw 1, we have 
yP(f(ab)) =+(QcP)n’c?RRCIc(PQc)n’+l~, 
and the good conjugate fp satisfies 
( fp(a), fp(b)) = (@(QcP)“‘c?R&(PQ,)“‘w, 6Qcw) E Paz*. 
Remark that f,(a) is a palindromic extension of 2RRc^ and as fp(b) is a conjugate of 
Rc^c, one has tRRc^# fp(b) and thus fp(a) is not a palindromic extension of fp(b). 0 
Lemma 17. For any Sturmian morphism f, there exists an integer p E { 1,2,3} such 
that 1 fP(a)\ and 1 fp(b)l are both odd. 
Proof. For any Sturmian morphism f, we set 
From Theorem 9, f E {E, 4, $}* so we can construct the graph G of the values of 
q(f) where f is always Sturmian. The graph G is constructed with the following 
rule: if q(f) E G, we set q( f $) the vertex pointed by the arc starting from q(f) 
and labeled by an elementary morphism $ E {E, 4,$}, Thus starting from the primitive 
vertex q(ldd* ) = (1, 0, 0, 1 ), we construct all the vertices q( f ) for any f E {E, 4, $}* 
(Fig. 2). 
Fig. 2. 
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Now ifwe prove that q(fp)=(O,l,l,O) or (l,O,O,l) for some integer p~{1,2,3} 
then fP(a) and fJ’(b) are both of odd length, and the proof will be complete. Note 
that if w is a word and c a letter, one has 
If(w>lx = If(~)lxlwla + If(b)lxl”‘lb. 
Assume for instance that q(f) =(l, 1, l,O), then If(a)1 is even and If(b)1 is odd. 
Thus q(f*) = (0, 1, 1,1) and [f*(a)1 is odd whereas /f*(b)1 is even. With a similar 
computation, we obtain q(f3) = (l,O,O, 1) and If3(a)i, lf3(b)l are both odd, so p = 3. 
It is easy to verify that p=3 for f with q(f)= (0, 1, 1, l), and that p=2 (resp. 
p=l) for the cases q(f)=(l,l,O,l) or (l,O,l,l) (resp. q(f)=(l,O,O,l) or (O,l, 
190)). 0 
Proof of Theorem 14. From Theorem 13, there exists a Standard morphism g good 
conjugate of f and from Lemma 17, there exists a power fp of f such that both 
components of (fP(a), fP(b)) are of odd length. 
Then from Proposition 16 there exists a good conjugate rr of fp where n(a) and n(b) 
are both palindromes of odd length and with rc(a) = wcG and n(b) = w’%’ where c is 
a letter. By iterating, rc”+l(u) is the palindrome obtained by replacing in the palindrome 
n”(u) each letter c by the palindrome rc(c). 
Moreover either u2 or b* occurs in x, and as F(x) =F(f “(a)) =F(#‘(u)) the 
sequences of palindromes 
(nYq)),>o and (~“(b)),~a 
generate the palindromes of odd length in x, and either 
w(~*)>n>o or (~“(b*>>,~o 
generates the palindromes of even length in X, and .9&r(x) ends the proof. 0 
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